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ON THE SHADOWING AND LIMIT SHADOWING PROPERTIES
NORIAKI KAWAGUCHI
Abstract. We study the relation between the shadowing property and the limit
shadowing property. We prove that if a continuous self-map f of a compact metric
space has the limit shadowing property, then the restriction of f to the non-wandering
set satisfies the shadowing property. As an application, we prove the equivalence of
the two shadowing properties for equicontinuous maps.
1. Introduction
Shadowing has been the subject of much interest in the qualitative study of dynamical
systems [3, 25], and various shadowing properties have been defined in the course of such
studies so far. The limit shadowing property introduced in [11] is one of the variants
of the shadowing property, which focuses on the possibility of asymptotic shadowing of
pseudo orbits whose one-step errors are converging to zero, and it is a subject of ongoing
research, see [5, 8, 9, 14, 15, 18, 21, 23, 26, 27].
In [26, 27], various limit shadowing properties are examined in relation to the notion
of hyperbolicity and stability. The set of Ω-stable diffeomorphisms of a smooth closed
manifold is characterized as the C1-interior of the set of diffeomorphisms satisfying the
limit shadowing property [26]. The s-limit shadowing property is a stronger property
than the limit shadowing property defined in combination with the shadowing property.
It has been proved to be a C0-dense property on the space of continuous self-maps (resp.
continuous surjections) of a compact topological manifold [21]. The two-sided limit
shadowing property of homeomorphisms is a bilateral version of the limit shadowing
property, and its consequences are given, for example, in [8, 9, 18, 23]. It is, in fact,
a much stronger property than the limit shadowing property and a sufficient condition
for chaos [18, 23]. In [5], the limit shadowing property is exploited to characterize the
ω-limit sets in topologically hyperbolic systems in terms of the notions such as internal
chain transitivity. Furthermore, in [14, 15], the limit shadowing property is studied
together with other types of shadowing properties like the average shadowing property
(ASP) and the asymptotic average shadowing property (AASP). AASP is a stochastic
version of the limit shadowing property, yet there is a large class of homeomorphisms
satisfying both of the shadowing and limit shadowing properties but not AASP [15].
First, we give the formal definitions of the standard and limit shadowing properties.
Throughout this paper, we deal with a continuous map f : X → X on a compact metric
space (X, d). For δ > 0, a sequence (xi)i≥0 of points in X is a δ-pseudo orbit of f if
d(f(xi), xi+1) ≤ δ for all i ≥ 0. Then, for given ǫ > 0, a δ-pseudo orbit (xi)i≥0 is said
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to be ǫ-shadowed by x ∈ X if d(xi, f
i(x)) ≤ ǫ for all i ≥ 0. We say that f has the
shadowing property if for any ǫ > 0, there is δ > 0 such that every δ-pseudo orbit of f is
ǫ-shadowed by some point of X. A sequence (xi)i≥0 of points in X is a limit pseudo orbit
of f if limi→∞ d(f(xi), xi+1) = 0. We say that f has the limit shadowing property if for
any limit pseudo orbit (xi)i≥0 of f , there is y ∈ X such that limi→∞ d(xi, f
i(y)) = 0,
and such y is called a limit shadowing point of (xi)i≥0.
An interesting problem is to study the relation between the (standard) shadowing
property and the limit shadowing property. In [25], an example of circle homeomorphism
(or diffeomorphism) satisfying the limit shadowing property but not the shadowing
property is given. By taking the direct product of such diffeomorphisms, we obtain
diffeomorphisms of arbitrary dimensional torus with the limit shadowing property but
without the shadowing property. We also give such a simple example below.
Example 1.1. Let X = {0, 1, 2} ∪ {sn : n ∈ Z} ∪ {tn : n ∈ Z}, where (sn)n∈Z and
(tn)n∈Z are sequences of real numbers satisfying the following properties
(1) sn < sn+1 and tn < tn+1 for all n ∈ Z,
(2) limn→−∞ sn = 0, limn→+∞ sn = limn→−∞ tn = 1, and limn→+∞ tn = 2.
Then, X is a compact subset of [0, 2]. Define f : X → X by
(3) f(y) = y for y ∈ {0, 1, 2},
(4) f(sn) = sn+1 and f(tn) = tn+1 for all n ∈ Z.
Then, f is an expansive homeomorphism. For any limit pseudo orbit (xi)i≥0 of f ,
it is easy to see that limi→∞ xi = y for some y ∈ {0, 1, 2}, and this implies that
limi→∞ d(xi, f
i(y)) = 0 since y is a fixed point. Hence, f has the limit shadowing
property, and it is also easy to see that f does not have the shadowing property. Let
g = fN : XN → XN be the direct product of countably many copies of f . For any
continuous map h : Y → Y of a compact metric space, the direct product hN : Y N → Y N
satisfies the (limit) shadowing property iff so does h. Hence, f is a homeomorphism of
a Cantor space satisfying the limit shadowing property but not the shadowing property.
We have Ω(g) = {0, 1, 2}N = Fix(g), a Cantor space. Since Fix(g) is uncountable, g
cannot be expansive.
Also in [25], it is proved that for circle homeomorphisms, the shadowing property
always implies the limit shadowing property, and the same implication holds true for
c-expansive maps including expansive homeomorphisms (see [4, 5, 17]). It is rather
difficult to construct a continuous map satisfying the shadowing property but not the
limit shadowing property, but in [12], such an example is given, while the equivalence
of the two shadowing properties is proved for a certain class of interval maps.
The above facts may indicate that the limit shadowing property is weaker than the
shadowing property at least intuitively. However, in [14], as a (partial) converse, it is
proved that if a continuous map with the limit shadowing property is chain transitive,
then it satisfies the shadowing property. As the main result of this paper, through
a generalization of the result for the chain recurrent case (Lemma 2.1), we prove a
basic relation between the two shadowing properties. To state the result, we give some
definitions and notations.
Given a continuous map f : X → X, a finite sequence of points (xi)
k
i=0 in X (where k
is a positive integer) is called a δ-chain of f if d(f(xi), xi+1) ≤ δ for every 0 ≤ i ≤ k−1.
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We say that f is chain transitive if for any x, y ∈ X and δ > 0, there is a δ-chain
(xi)
k
i=0 of f such that x0 = x and xk = y. A δ-chain (xi)
k
i=0 of f is said to be a δ-cycle
of f if x0 = xk, and a point x ∈ X is a chain recurrent point for f if for any δ > 0,
there is a δ-cycle (xi)
k
i=0 of f with x0 = xk = x. We denote by CR(f) the set of
chain recurrent points for f . A point x ∈ X is said to be minimal if the restriction
of f to the orbit closure Of (x) = {fn(x) : n ≥ 0} is minimal, and non-wandering if for
every neighborhood U of x, we have fn(U) ∩ U 6= ∅ for some n > 0. We denote by
M(f) (resp. Ω(f)) the set of minimal (resp. non-wandering) points for f . Note that
M(f) ⊂ Ω(f) ⊂ CR(f).
Now, we state the theorem.
Theorem 1.1. Let f : X → X be a continuous map with the limit shadowing prop-
erty. Then, CR(f) = Ω(f) = M(f), and f |Ω(f) : Ω(f) → Ω(f) satisfies the shadowing
property.
This theorem enables us to apply the developed theory of the shadowing property to
continuous maps enjoying the limit shadowing property. As an example, we obtain the
following corollary (cf. [13, 19]).
Corollary 1.1. Let f : X → X be a continuous map with the limit shadowing property.
Then, for every x ∈ Ω(f) and every ǫ > 0, there exists y ∈ Ω(f) with d(x, y) < ǫ such
that y is a periodic point for f , or f |
Of (y)
: Of (y)→ Of (y) is topologically conjugate to
an odometer.
To state another corollary of Theorem 1.1, we briefly recall the definition of the so-
called thick shadowing property. Following the notation in [24], we define two families
of subsets in N0 = N ∪ {0} by
D = {A ⊂ N0 : lim
n→∞
1
n
|A ∩ {0, 1, . . . , n− 1}| = 1},
Ft = {B ⊂ N0 : ∀n ∈ N0 ∃j ∈ N0 s.t. {j, j + 1, . . . , j + n} ⊂ B}.
Each member of Ft is called a thick set. Note that D ⊂ Ft. Then, given a continuous
map f : X → X, a sequence (xi)i≥0 of points in X is said to be an ergodic δ-pseudo
orbit of f if
{i ≥ 0: d(f(xi), xi+1) ≤ δ} ∈ D,
and (xi)i≥0 is said to be ǫ-shadowed on a thick set by x ∈ X if
{i ≥ 0: d(xi, f
i(x)) ≤ ǫ} ∈ Ft.
We say that a continuous map f : X → X has the thick shadowing property if for any
ǫ > 0, there exists δ > 0 such that every ergodic δ-pseudo orbit of f is ǫ-shadowed on a
thick set by some point of X.
The thick shadowing property was introduced in [10] as a shadowing property defined
by restricting the time at which pseudo orbits have small errors and the time at which
true orbits closely shadow them to proper subclasses of the index set (e.g. ergodic
shadowing property, d or d-shadowing property). In [7], the thick shadowing property
and several similar properties were proved to be equivalent to the shadowing property
under the assumption of chain transitivity. The study was extended in [24], and a
characterization of the thick shadowing property was given. According to [24, Theorem
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4.5], a continuous map f : X → X has the thick shadowing property iff CR(f) = Ω(f) =
R(f) and f |Ω(f) has the shadowing property, where R(f) denotes the set of recurrent
points for f , i.e., R(f) = {x ∈ X : x ∈ ω(x)}. Note that we have M(f) ⊂ R(f). Thus,
by Theorem 1.1, we obtain the following corollary.
Corollary 1.2. For any continuous map f : X → X, if f has the limit shadowing
property, then f has the thick shadowing property.
Remark 1.1. The converse of Corollary 1.2 does not hold in general. In fact, as
a corollary of [24, Theorem 4.5], if a continuous map f has the shadowing property,
then f has the thick shadowing property. On the other hand, in [12], an example of
continuous map with the shadowing property but without the limit shadowing property
is given, so such f shows that the thick shadowing property does not necessarily imply
the limit shadowing property.
The next result of this paper concerns the notion of equicontinuity. A map f : X → X
is said to be equicontinuous if for any ǫ > 0, there is δ > 0 such that d(x, y) ≤ δ implies
sup
n≥0
d(fn(x), fn(y)) ≤ ǫ
for all x, y ∈ X. It is known that if an equicontinuous map f is surjective, then f is
a homeomorphism, and f−1 is also equicontinuous (cf. [2, 20]). When f : X → X is
an equicontinuous map (or an equicontinuous homeomorphism), there is a metric D
equivalent to d on X such that D(f(x), f(y)) ≤ D(x, y) (furthermore, f is an isometry
with respect to D) for all x, y ∈ X. In fact, D : X ×X → [0,∞) defined by
D(x, y) = sup
n≥0
d(fn(x), fn(y))
(or supn∈Z d(f
n(x), fn(y))) is such a metric. Every equicontinuous homeomorphism
f : X → X is known to satisfy X =M(f) (see [20]). Under the assumption of equicon-
tinuity, the shadowing property is closely tied to the notion of chain continuity intro-
duced in [1]. Given a continuous map f : X → X, a point x ∈ X is said to be a chain
continuity point for f if for any ǫ > 0, there is δ > 0 such that every δ-pseudo orbit
(xi)i≥0 of f with x0 = x is ǫ-shadowed by x itself. An equicontinuous map f : X → X
satisfies the shadowing property iff every x ∈ X is a chain continuity point for f (see
[1]).
As an application of Theorem 1.1, we prove the equivalence of the two shadowing
properties for equicontinuous maps (including equicontinuous homeomorphisms).
Theorem 1.2. Let f : X → X be an equicontinuous map. Then, the following three
properties are equivalent
(1) f has the limit shadowing property,
(2) f has the shadowing property,
(3) dimΩ(f) = 0, or equivalently, Ω(f) is totally disconnected.
This theorem generalizes a result of [4] proving that every equicontinuous homeomor-
phism of a totally disconnected space (e.g. odometer) satisfies the shadowing property
and the limit shadowing property.
We proceed to present the next corollary. For a continuous surjection f : X → X, let
Xf denote the set of bi-infinite sequences of points (xi)i∈Z ∈ X
Z such that f(xi) = xi+1
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for every i ∈ Z. Then, f is said to be c-expansive when there exists e > 0 such that for
any x = (xi)i∈Z, y = (yi)i∈Z ∈ Xf , if d(xi, yi) ≤ e for all i ∈ Z, then x = y (see [3] for
details). By [5, Theorem 3.4] together with [4, Theorem 3.7] and by Theorem 1.2, we
know that for c-expansive or equicontinuous maps, the shadowing property implies the
limit shadowing property. For convenience, we state this fact as the next proposition.
Proposition 1.1. Let f : X → X be a c-expansive or equicontinuous map. If f has the
shadowing property, then f has the limit shadowing property.
By using Proposition 1.1 with Theorem 1.1 and Lemma 3.4 in Section 3, we obtain
the following corollary.
Corollary 1.3. Let f : X → X be a c-expansive or equicontinuous map.
(1) If f has the limit shadowing property, then f |Ω(f) also has the limit shadowing
property.
(2) f has the limit shadowing property if and only if f has the thick shadowing
property.
Remark 1.2. The author does not know whether the implication as Corollary 1.3 (1)
holds true for every continuous map. By Corollary 1.2, the limit shadowing property
always implies the thick shadowing property, but as mentioned in Remark 1.1, the
converse does not hold in general. Corollary 1.3 (2) states that the converse also holds
in the class of c-expansive or equicontinuous maps.
Remark 1.3. We know that every equicontinuous homeomorphism with the shadow-
ing property satisfies the h-shadowing property, and this implies the s-limit shadowing
property [4, Theorems 3.7 and 6.1]. Indeed, the s-limit shadowing property implies both
of the shadowing and limit shadowing properties (see [4, Theorem 3.7]). Therefore, by
Lemma 3.1 in Section 3, the shadowing, limit shadowing, and s-limit shadowing prop-
erties are equivalent for equicontinuous homeomorphisms. Then, it is natural to expect
that the equivalence holds true for general equicontinuous maps. However, this is not
the case. We show it in Section 4 by giving an example of equicontinuous map with the
shadowing property but without the s-limit shadowing property. The precise definition
of the s-limit shadowing property will be given at the beginning of Section 4.
This paper consists of four sections. We prove Theorem 1.1 in Section 2. Theorem
1.2 and Corollary 1.3 are proved in Section 3. In Section 4, we give an example of
equicontinuous map showing that the s-limit shadowing property is not necessarily
equivalent to the three properties in Theorem 1.2.
2. Proof of Theorem 1.1
In this section, we prove Theorem 1.1. For the purpose, we need a lemma which
generalizes [14, Theorem 7.3]. For a continuous map f : X → X and S ⊂ X, we say
that f has the shadowing property around S if for any ǫ > 0, there exists δ > 0 such
that every δ-pseudo orbit of f contained in S is ǫ-shadowed by some point of X, and
we say that f has the limit shadowing property around S if every limit pseudo orbit of
f contained in S has a limit shadowing point in X.
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Lemma 2.1. Let f : X → X be a continuous map and let S ⊂ X be a compact f -
invariant subset such that CR(f |S) = S. If f has the limit shadowing property around
S, then f has the shadowing property around S.
Proof. For δ > 0, we decompose S into a disjoint union of δ-chain components. Precisely,
for any δ > 0, we define a relation ∼δ on S as follows. For x, y ∈ S, x ∼δ y iff there are
two δ-chains (xi)
k
i=0 ⊂ S and (yi)
l
i=0 ⊂ S of f such that x0 = yl = x and xk = y0 = y. It
is clear from the definition that ∼δ is symmetric and transitive. Then, the assumption
CR(f |S) = S guarantees the following properties
(1) x ∼δ x for every x ∈ S,
(2) x ∼δ y for all x, y ∈ S with d(x, y) < δ,
(3) x ∼δ f(x) for every x ∈ S.
By (1), ∼δ is an equivalence relation on S. Moreover, by (2) and (3), every equivalence
class C with respect to ∼δ is clopen in S and f -invariant, i.e., f(C) ⊂ C. Each
equivalence class is called a δ-chain component, and therefore S is decomposed into
finitely many δ-chain components. We denote by C(δ) the (finite) set of all δ-chain
components. Given δ1 < δ2, note that x ∼δ1 y implies x ∼δ2 y for all x, y ∈ S. Hence,
for every C ∈ C(δ1), there is D ∈ C(δ2) such that C ⊂ D, and so for every D ∈ C(δ2),
putting
S = {C ∈ C(δ1) : D ∩ C 6= ∅},
we have D =
⊔
C∈S C. In other words, every δ2-chain component is a disjoint union of
some δ1-chain components.
Now, assume that f does not have the shadowing property around S. Then, there is
ǫ > 0 such that for every integer n ≥ 1, we can take an n−1-chain γn = (x
(n)
i )
ln
i=0 ⊂ S
of f which is not ǫ-shadowed by any point of X, meaning that for every y ∈ X, there is
0 ≤ i ≤ ln such that d(x
(n)
i , f
i(y)) > ǫ. By using these chains, we shall construct a limit
pseudo orbit in S which has no limit shadowing point. For the purpose, we consider
the k−1-chain decomposition C(k−1) of S for every integer k ≥ 1. Here, note that if
n−1 < δ, then γn must be contained in some C ∈ C(δ). This is because if x ∈ C ∈ C(δ)
and d(f(x), y) ≤ n−1 < δ for some y ∈ S, then we have x ∼δ f(x) by (3), f(x) ∼δ y
by (2), and so x ∼δ y, implying y ∈ C. From this, we can take a 1-chain component
C1 ∈ C(1) and a sequence of integers 1 ≤ n1,1 < n1,2 < · · · such that γn1,j ⊂ C1 for
every j ≥ 1. Then, since C1 is a disjoint union of some elements of C(2
−1), we can
choose a 2−1-chain component C2 ∈ C(2
−1) and a subsequence 1 ≤ n2,1 < n2,2 < · · · of
(n1,j)j≥1 (i.e., n2,j = n1,φ(j) for some increasing function φ : N→ N) such that C2 ⊂ C1
and γn2,j ⊂ C2 for every j ≥ 1. Proceeding inductively, for every k ≥ 1, we obtain a
k−1-chain component Ck ∈ C(k
−1) and an increasing sequence of integers (nk,j)j≥1 with
the following properties
• γnk,j ⊂ Ck for every j ≥ 1,
• Ck+1 ⊂ Ck,
• (nk+1,j)j≥1 is a subsequence of (nk,j)j≥1.
Then, putting nk = nk,k, we have γnk ⊂ Ck for every k ≥ 1. For each k ≥ 1, since
γnk ∪ γnk+1 ⊂ Ck, we can take a k
−1-chain βk = (yi)
mk
i=0 ⊂ S of f such that y0 = x
(nk)
lnk
and ymk = x
(nk+1)
0 . By concatenating obtained chains, we get the following limit pseudo
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orbit:
α = γn1β1γn2β2γn3β3γn4β4 · · · = (xi)i≥0 ⊂ S.
However, by the choice of γn, we have lim supi→∞ d(xi, f
i(y)) ≥ ǫ for every y ∈ X,
which contradicts that f has the limit shadowing property around S. Thus, f has the
shadowing property around S. 
The next lemma is a modification of [3, Theorem 3.4.2] and [22, Lemma 1] which
state that if f has the shadowing property, then so does f |Ω(f). Although the proof is
similar to that of [3, Theorem 3.4.2] or [22, Lemma 1], we shall give it for completeness.
Note that we consider M(f) instead of Ω(f) and only assume the shadowing property
around M(f) (not the global shadowing property).
Lemma 2.2. If a continuous map f : X → X has the shadowing property around M(f),
then f |
M(f) : M(f)→M(f) satisfies the shadowing property.
Proof. Given any ǫ > 0, take δ > 0 so small that every δ-pseudo orbit of f in M(f) is
ǫ-shadowed by some point of X. Note that CR(f |
M(f)) =M(f) and let C(δ) be the set
of δ-chain components of M(f) (see the proof of Lemma 2.1). Fix 0 < η < δ and let
α = (xi)i≥0 ⊂M(f) be an η-pseudo orbit of f . We shall show that α is ǫ-shadowed by
some x ∈M(f). As the above proof, α is contained in some C ∈ C(δ). For each n ≥ 1,
since {x0, xn} ⊂ C, there is a δ-chain βn = (x
(n)
i )
kn
i=0 ⊂ M(f) of f such that x
(n)
0 = xn
and x
(n)
kn
= x0. Put αn = (x0, x1, . . . , xn), mn = n + kn, and consider the mn-periodic
δ-pseudo orbit
γn = αnβnαnβn · · · ⊂M(f)
of f , which is ǫ-shadowed by some yn ∈ X. Then, γn is ǫ-shadowed by f
mna(yn) for
every a ≥ 0, so is by any y ∈ Ofmn (yn). Since Ofmn (yn) is a compact f
mn-invariant
subset, we have Ofmn (yn)∩M(f
mn) 6= ∅; Zorn’s lemma implies the existence of at least
one minimal point. Fix an
xn ∈ Ofmn (yn) ∩M(f
mn).
Then, γn is ǫ-shadowed by xn, and xn ∈ M(f
mn) = M(f) (see Chapter V of [6] for a
proof of this equality). Now, αn is ǫ-shadowed by xn ∈ M(f) for each n ≥ 1. Take
x ∈ X and an increasing sequence of integers 0 < n1 < n2 < with limj→∞ xnj = x.
Then, we have x ∈ M(f) and easily see that α is ǫ-shadowed by x, completing the
proof. 
Now, let us prove Theorem 1.1.
Proof of Theorem 1.1. It is obvious from the definition that f has the limit shadowing
property around M(f). Since CR(f |
M(f)) = M(f), Lemma 2.1 implies that f has the
shadowing property around M(f). Then, by Lemma 2.2,
f |
M(f) : M(f)→M(f)
satisfies the shadowing property; therefore, it only remains to prove CR(f) = Ω(f) =
M(f). For the purpose, it suffices to prove CR(f) ⊂ M(f), because M(f) ⊂ Ω(f) ⊂
CR(f) holds for every continuous map f .
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Given any x ∈ CR(f), take an n−1-cycle γn = (x
(n)
i )
mn
i=0 of f with x
(n)
0 = x
(n)
mn =
x for each integer n ≥ 1. By concatenating them, we obtain a limit pseudo orbit
α = γ1γ2γ3 · · · of f , which has a limit shadowing point y ∈ X. Then, it is clear that
x ∈ ω(y). Note that f |ω(y) satisfies CR(f |ω(y)) = f |ω(y), since f |ω(y) is internally chain
transitive (see [5] for details of the notion). Because f has the limit shadowing property
around ω(y), by Lemma 2.1, f has the shadowing property around ω(y). Given any
ǫ > 0, take δ > 0 so small that every δ-pseudo orbit of f in ω(y) is ǫ-shadowed by some
point of X. Then, again by CR(f |ω(y)) = f |ω(y), there is a δ-cycle γ = (xi)
m
i=0 ⊂ ω(y)
of f with x0 = xm = x. The rest of the proof is identical to that of [22, Theorem 1].
Consider the m-periodic δ-pseudo orbit β = γγγ · · · ⊂ ω(y) of f , which is ǫ-shadowed
by some z ∈ X. Note that Ofm(z) is a compact f
m-invariant subset of X contained
in Bǫ(x) = {w ∈ X : d(x,w) ≤ ǫ}. Fix a w ∈ Ofm(z) ∩M(f
m). Then, it follows that
d(x,w) ≤ ǫ and w ∈ M(f). Since x ∈ CR(f) and ǫ > 0 are arbitrary, we conclude
CR(f) ⊂M(f). 
3. Proof of Theorem 1.2 and Corollary 1.3
In this section, we prove Theorem 1.2 and Corollary 1.3. First, we prove the following
lemma.
Lemma 3.1. Let f : X → X be an equicontinuous homeomorphism. Then, the following
three properties are equivalent
(1) f has the limit shadowing property,
(2) f has the shadowing property,
(3) dimX = 0, or equivalently, X is totally disconnected.
A remark is needed before the proof of Lemma 3.1. The implication (1) ⇒ (2)
in Lemma 3.1 is an immediate corollary of Theorem 1.1. We need only note that
X = M(f) = Ω(f) holds for every equicontinuous homeomorphism f : X → X, as
mentioned in Section 1. The equivalence (2) ⇔ (3) is an already known fact on the
shadowing property (see [22, Theorem 4]). The implication (3) ⇒ (1) can be verified
by a simple combination of the results given in [4], which are (A) Every equicontinuous
homeomorphism f : X → X with dimX = 0 satisfies the h-shadowing property, and
(B) h-shadowing property implies the s-limit shadowing property, and then the limit
shadowing property. However, we provide a self-contained proof of (3) ⇒ (1) below.
For the purpose, we need the next lemma.
Lemma 3.2. Let f : X → X be an equicontinuous map. If dimX = 0, then for every
ǫ > 0, there exists δ = δ(ǫ) > 0 such that any δ-pseudo orbit (xi)i≥0 of f is ǫ-shadowed
by x0, that is, d(xi, f
i(x0)) ≤ ǫ for every i ≥ 0.
Proof. We can assume that d(f(x), f(y)) ≤ d(x, y) for all x, y ∈ X. Since dimX = 0,
for any given ǫ > 0, we can find a decomposition of X into a disjoint union of clopen
subsets A1, . . . , Am ⊂ X such that diamAk ≤ ǫ for every 1 ≤ k ≤ m. Take 0 < δ <
min1≤k<l≤m d(Ak, Al) and suppose that (xi)i≥0 is a δ-pseudo orbit of f . We prove by
induction on i that the following property holds for every i ≥ 1.
(Pi) d(f
i−j(xj), f
i−j−1(xj+1)) ≤ δ, 0 ≤ j ≤ i− 1.
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When i = 1, (P1) is just d(f(x0), x1) ≤ δ, which is obviously true. Suppose that (Pi)
holds for some i ≥ 1. Then, we have
d(f i+1−j(xj), f
i−j(xj+1)) ≤ d(f
i−j(xj), f
i−j−1(xj+1)) ≤ δ, 0 ≤ j ≤ i− 1
and d(f(xi), xi+1) ≤ δ, which implies that (Pi+1) holds, and so completes the induction.
Now, for every i ≥ 1, from (Pi) and the choice of δ, it follows that
{f i−j(xj) : 0 ≤ j ≤ i} ⊂ Ak(i)
for some 1 ≤ k(i) ≤ m, especially f i(x0), xi ∈ Ak(i). Since diamAk(i) ≤ ǫ, we have
d(xi, f
i(x0)) ≤ ǫ for each i ≥ 1, and this proves the lemma. 
Then, let us prove Lemma 3.1.
Proof of Lemma 3.1. As remarked above it remains to show that (3) ⇒ (1). We can
assume that d(f(x), f(y)) = d(x, y) for all x, y ∈ X. Let us suppose that (xi)i≥0 is
a limit pseudo orbit of f and prove that (xi)i≥0 has a limit shadowing point. Since
limi→∞ d(f(xi), xi+1) = 0, by Lemma 3.2, we can take a sequence of integers 0 ≤ i1 <
i2 < · · · such that for each n ≥ 1, we have
(a) d(xin+j , f
j(xin)) ≤ 2
−n, for every j ≥ 0.
Put yn = f
−in(xin) for each n ≥ 1. Then, we have
d(yn, yn+1) = d(f
−in(xin), f
−in+1(xin+1))
= d(f in+1−in(xin), xin+1)
≤ 2−n (by taking j = in+1 − in in (a))
for every n ≥ 1. This implies that (yn)n≥1 is a Cauchy sequence of points in X, and
thus there is y ∈ X such that limn→∞ yn = y. We have
(b) d(yn, y) ≤ 2
−n + 2−n−1 + 2−n−2 + · · · = 2−n+1
for any n ≥ 1. It follows that
d(xin+j , f
in+j(y)) ≤ d(xin+j , f
in+j(yn)) + d(f
in+j(yn), f
in+j(y))
= d(xin+j , f
j(xin)) + d(yn, y)
≤ 2−n + 2−n+1 = 3 · 2−n (by (a) and (b))
for all n ≥ 1 and j ≥ 0. Thus, we have limi→∞ d(xi, f
i(y)) = 0, proving the lemma. 
A few more simple lemmas are needed for the proof of Theorem 1.2. By analogy with
the notion of an ω-limit set of a point in a dynamical systems, we define an ω-limit set
for any sequence of points in X. For a sequence of points γ = (xi)i≥0 in X, we denote
by ω(γ) the set of points x ∈ X for which there is an increasing sequence of integers
0 ≤ i1 < i2 < · · · such that limj→∞ xij = x. By the compactness of X, we can easily
see that limi→∞ d(xi, ω(γ)) = 0 for any γ = (xi)i≥0.
Lemma 3.3. Let f : X → X be a continuous map and let γ = (xi)i≥0 be a limit pseudo
orbit of f . Then, we have ω(γ) ⊂ CR(f) and especially limi→∞ d(xi, CR(f)) = 0.
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Proof. Let x ∈ ω(γ) and let us show that x ∈ CR(f). Given δ > 0, take 0 < ǫ ≤ δ/2
such that d(a, b) ≤ ǫ implies d(f(a), f(b)) ≤ δ/2 for all a, b ∈ X. Since γ is a limit
pseudo orbit of f , there is an integer n > 0 such that d(f(xi), xi+1) ≤ δ/2 for any i ≥ n.
For such n, take J > I ≥ n so large that d(xI , x) ≤ ǫ and d(xJ , x) ≤ ǫ. Then, we
consider a cycle β = (x, xI+1, xI+2, . . . , xJ−1, x). By the choice of ǫ, n, I, and J , we
have
d(f(xi), xi+1) ≤ δ/2 ≤ δ
for every I + 1 ≤ i ≤ J − 2,
d(f(x), xI+1) ≤ d(f(x), f(xI)) + d(f(xI), xI+1) ≤ δ/2 + δ/2 ≤ δ,
and
d(f(xJ−1), x) ≤ d(f(xJ−1), xJ) + d(xJ , x) ≤ δ/2 + ǫ ≤ δ,
implying that β is a δ-cycle of f . Since δ > 0 is arbitrary, we conclude that x ∈
CR(f). 
Lemma 3.4. Let f : X → X be a continuous map. If f has the limit shadowing property
around CR(f), then f has the limit shadowing property.
Proof. Let γ = (xi)i≥0 be a limit pseudo orbit of f . By Lemma 3.3, we have
lim
i→∞
d(xi, CR(f)) = 0.
For each i ≥ 0, take yi ∈ CR(f) such that d(xi, yi) = d(xi, CR(f)) (we can do that
since CR(f) is closed). Then, since
d(f(yi), yi+1) ≤ d(f(yi), f(xi)) + d(f(xi), xi+1) + d(xi+1, yi+1)
for every i ≥ 0, and each term of the right-hand side tends to 0 as i tends to∞, we have
limi→∞ d(f(yi), yi+1) = 0, i.e., (yi)i≥0 ⊂ CR(f) is a limit pseudo orbit of f . Hence,
there exists y ∈ X such that limi→∞ d(yi, f
i(y)) = 0, and then by
d(xi, f
i(y)) ≤ d(xi, yi) + d(yi, f
i(y)),
we see that limi→∞ d(xi, f
i(y)) = 0. Thus, y gives a desired limit shadowing point of
γ. 
Remark 3.1. Given a continuous map f : X → X, it is obvious from the definition that
if f |CR(f) has the limit shadowing property, then f has the limit shadowing property
around CR(f), so by Lemma 3.4, f has the limit shadowing property.
The next lemma on equicontinuous maps is proved in [20].
Lemma 3.5. [20] Let f : X → X be an equicontinuous map. Then, the following
properties hold
(1) Ω(f) = CR(f) =
⋂
n≥1 f
n(X),
(2) f |Ω(f) is an equicontinuous homeomorphism.
Now, we give a proof of Theorem 1.2.
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Proof of Theorem 1.2. (2)⇒ (1): It is well-known that if f has the shadowing property,
then so does f |Ω(f) (see [22, Lemma 1]). Since f |Ω(f) is an equicontinuous homeomor-
phism by Lemma 3.5 (2), we use Lemma 3.1 to conclude that f |Ω(f) has the limit
shadowing property. Note that we have CR(f) = Ω(f) as a consequence of the shad-
owing property of f or Lemma 3.5 (1). Thus, by Lemma 3.4, f has the limit shadowing
property.
(1) ⇒ (3): By Theorem 1.1, if f has the limit shadowing property, then f |Ω(f) has the
shadowing property. Since f |Ω(f) is an equicontinuous homeomorphism by Lemma 3.5
(2), we have that dim Ω(f) = 0 by Lemma 3.1.
(3)⇒ (2): It suffices to prove that every x ∈ X is a chain continuity point for f . Here,
for any given x ∈ X, following [1], we define C(x) ⊂ X by
C(x) = {y ∈ X : ∀δ > 0 ∀n ≥ 1 ∃ δ-chain (xi)
k
i=0 of f s.t. k ≥ n, x0 = x and xk = y}.
Since f is equicontinuous, by [1], if dim C(x) = 0, then x is a chain continuity point for
f . Note that we have C(x) ⊂
⋂
n≥1 f
n(X) and
⋂
n≥1 f
n(X) = Ω(f) by Lemma 3.5 (1).
Thus, dim Ω(f) = 0 implies dim C(x) = 0, and so every x ∈ X is a chain continuity
point for f . 
As the final proof of this section, we prove Corollary 1.3.
Proof of Corollary 1.3. Item (1) is an immediate consequence of Theorem 1.1 and Propo-
sition 1.1. As for (2), by Corollary 1.2, the limit shadowing property implies the thick
shadowing property for every continuous map. Conversely, suppose that a c-expansive
or equicontinuous map f : X → X satisfies the thick shadowing property. Then, by
[24, Theorem 4.5], f |CR(f) has the shadowing property. From Proposition 1.1, it follows
that f |CR(f) has the limit shadowing property, which combined with Lemma 3.4 proves
that f has the limit shadowing property. 
4. Example: a complement to Theorem 1.2
In this section, we give an example of equicontinuous map showing that the s-limit
shadowing property is not necessarily equivalent to the three properties in Theorem
1.2. First, we recall the definition of the s-limit shadowing property. A continuous map
f : X → X is said to have the s-limit shadowing property if for any ǫ > 0, there exists
δ > 0 satisfying the following properties
(1) Every δ-pseudo orbit of f is ǫ-shadowed by some point of X,
(2) For every δ-pseudo orbit (xi)i≥0 which is also a limit pseudo orbit of f , there is
an ǫ-shadowing point x ∈ X which is also a limit shadowing point of (xi)i≥0.
Our example is a simple modification of an odometer, so we shall recall its definition.
An odometer (also called an adding machine) is defined as follows. Given a strictly
increasing sequence m = (mk)k≥1 of positive integers such that m1 ≥ 2 and mk divides
mk+1 for each k = 1, 2, . . . , we define
• X(k) = {0, 1, . . . ,mk − 1} (with the discrete topology),
• Xm = {(xk)k≥1 ∈
∏
k≥1X(k) : xk ≡ xk+1 (mod mk) : ∀k ≥ 1},
• g(x)k = xk + 1 (mod mk) for all x = (xk)k≥1 ∈ Xm, k ≥ 1.
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The set Xm has the subspace topology induced by the product topology on
∏
k≥1X(k),
and the resulting dynamical system (Xm, g) is called an odometer with the periodic
structure m. It is immediate from the definition that g : Xm → Xm is an equicon-
tinuous homeomorphism, and in fact, the odometers are characterized as the minimal
equicontinuous systems on Cantor spaces (see [16]).
Example 4.1. Let g : Xm → Xm be an odometer. We define a metric d on Xm by
d(x, y) = sup
k≥1
2−kδ(xk, yk)
for x = (xk)k≥1, y = (yk)k≥1 ∈ Xm, where δ(a, b) = 0 if a = b and δ(a, b) = 1 otherwise.
Then, let X = {p} ⊔ Xm be the disjoint union of a one point set {p} and Xm. We
can extend the metric d to on X and assume that d(p, x) > 1 for every x ∈ Xm. Put
q = (0, 0, . . . ) ∈ Xm and define f : X → X by f(p) = q and f(x) = g(x) for every
x ∈ Xm. It is clear that f is equicontinuous since g is so, and dimΩ(f) = dimXm = 0,
hence by Theorem 1.2, f has the shadowing property. Let us show that f does not
satisfy the s-limit shadowing property. For the purpose, it is sufficient to prove that for
any δ > 0, there is a δ-pseudo and limit pseudo orbit γ = γ(δ) of f such that every
1-shadowing point of it is not a limit shadowing point, so we shall construct such γ.
First, for any given δ > 0, we take an integer K ≥ 2 with 2−K ≤ δ and put
Cj = {(xk)k≥1 ∈ Xm : xK = j} ⊂ Xm
for each j ∈ {0, 1, . . . ,mK − 1}. Note that q ∈ C0. It is clear that Xm =
⊔mK−1
j=0 Cj
is a clopen partition of Xm, and we have f(Cj) = Cj+1 (mod mK) for every j ∈
{0, 1, . . . ,mK − 1}. Put r = f
mK−1(q) = (0, 0, . . . , 0,mK−1,mK−1, . . . ) ∈ CmK−1 and
note that d(f(p), r) = d(q, r) = 2−K ≤ δ. Then, the following pseudo orbit:
γ = (xi)i≥0 = (p, r, f(r), f
2(r), f3(r), . . . ),
is a δ-pseudo and limit pseudo orbit of f . Now, suppose that x ∈ X is a 1-shadowing
point of γ. Since d(p, x) = d(x0, x) ≤ 1, by the property of the metric d, we have x = p.
However, for every integer j ≥ 1, we have
xj = f
j−1(r) ∈ CmK−1+j−1 (mod mK)
and
f j(p) = f j−1(q) ∈ Cj−1 (mod mK).
From mK−1 + j − 1 6≡ j − 1 (mod mK), it follows that
d(xj , f
j(p)) ≥ 2−K
for every j ≥ 1, which implies that p = x is not a limit shadowing point of γ. Thus, f
does not satisfy the s-limit shadowing property.
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